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Abstract

The work presented in this paper was initiated as part of a
study on software adternatives to the hardware
implementations of floating-point operations such as
divide and square root. The results of the study proved the
viability of software implementations, and showed that
certain proposed algorithms are comparable in
performance to current hardware implementations. This
paper discusses two components of that study:

(1) A methodology for proving the |IEEE correctness of
the result of iterative algorithms that implement the
floating-point square root, divide, or remainder
operation.

(2) ldentification of operands for the floating-point
divide and sguare root operations that lead to results
representing difficult cases for IEEE rounding.

Some general properties of floating-point computations
are presented first. The IEEE correctness of the floating-
point square root operation is discussed next. We show
how operands for the floating-point square root that lead
to difficult cases for rounding can be generated, and how
to use this knowledge in proving the IEEE correctness of
the result of iterative agorithms that calculate the square
root of a floating-point number. Similar aspects are
analyzed for the floating-point divide operation, and we
present a method for generating difficult cases for
rounding. In the case of the floating-point divide
operation, however, it is more difficult to use this
information in proving the IEEE correctness of the result
of an iterative agorithm than it is for the floating-point
square root operation. We examine the restrictions on the
method used for square root. Finally, we present possible
limitations due to the finite exponent range.

I ntroduction

Floating-point divide, remainder, and square root are three
important operations performed by computing systems
today. The IEEE-754 Standard for Binary Floating-Point
Arithmetic [1] requires that the result of a divide or square
root operation be calculated as if in infinite precision, and
then rounded to one of the two nearest floating-point
numbers of the specified precision that surround the
infinitely precise result (the remainder will always be
exact).

Most processor implementations to date have used
hardware-based implementations for divide, remainder,
and square root. Recent research has led to software-based
iterative algorithms for these operations that are expected
to aways generate the IEEE-correct result. Severa
advantages can be envisioned. Firstly, software-based
algorithms lead to a possibly higher throughput than
before because they are capable of being pipelined;
secondly, they are easier to modify; and finally, they
reduce the actual chip size because they do not have to be
implemented in hardware.

Different algorithms are used depending on the target
precision of the result, or on the particular architecture of
the processor. In either case, performance and |IEEE
correctness have to be ensured. The expected levels of
performance are possible due to improvements in the
floating-point architecture of most modern processors.
Proving the IEEE correctness of the results generated by
the divide, remainder, and square root operations, which is
of utmost importance for modern processors, is the object
of this paper. A new methodology for achieving this goal
is presented. Operands that lead to "difficult" cases for
rounding are also identified, allowing better testing of the
implementations for these operations. The method
presented was verified through a mix of mathematical
proofs, sustained by Mathematica [2], C language, and
assembly language programs.
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Correctness proofs following methods similar to those
presented in this paper, in conjunction with careful and
thorough verification and testing of the actua
implementation, should ensure flawless floating-point
divide, remainder, and square root operations on modern
processors that adopt iterative, software-based algorithms.

Some of the mathematical notations used in the following
sections are explained at the end of this paper.

General Propertiesof Floating-Point
Computationsand | EEE Correctness

Floating-point numbers are represented as a concatenation
of a sign bit, an M-bit exponent field, and an N-bit
significand field. Mathematically

f =olE2°

where 0 =+1, s[1,2), e0[€nin Enad N Z, s = 1+k /2V2
k£{0,1,2,....2"-1}, &nin = -2""+2, and ga = 2"7—1. Let

Fn be the set of floating-point numbers with N-bit
significands and unlimited exponent range, anérig be

the set of floating-point numbers with M-bit exponents
and N-bit significands (no special values included). Note
thatFM,N OFyO Q*.

The IEEE-754 Standard for Binary Floating-Point
Arithmetic allows several formats, but the most common
are single precision (M=8, N=24), double precision
(M=11, N=53), and double-extended precision (M=15,
N=64). Even though there is only a finite humber of real

values that can be represented as floating-point numbers

(which constitute a finite subset of the rational numbers),
the total of 2V floating-point numbers or special

values for a given precision can be huge. Verifying
correctness of a binary floating-point operation for

double-extended precision by exhaustive testing on a

state-of-the-art workstation could easily tak® gears.
The only operation that lends itself to such testing, from

among those considered herein, is the single precision

square root.

The variable density of the floating-point numbers on the
real axis implies that it would be difficult to have a

requirement regarding the absolute error when
approximating real values by floating-point numbers.
Instead, most iterative algorithms are analyzed by trying
to limit the relative error of the result being generated.

floating-point numbers of the specified precision that
surround the infinitely precise result. Special cases occur
when this is outside the supported range. The IEEE
standard specifies four rounding modes: to nearajttp
negative infinity m), to positive infinity ¢(p), and toward
zero (2.

In order to determine whether an iterative algorithm for an
IEEE operation yields the correctly rounded result (in any
rounding mode), we have to evaluate the error that occurs
due to rounding in each computational step. Two
measures are commonly used for this purpose. The first is
the error of an approximation with respect to the exact
result, expressed in fractions of alp, or unit in the last
place. For the floating-point number fo2°0F given
above, oneallp has the magnitude

lulp=22M1

An alternative is to use the relative error. If the real
numberx is approximated by the floating-point numler
then the relative errar is determined by

a =X+

The non-linear relationship betweenlps and the
corresponding relative error is illustrated in Figure 1
(where the outer envelopes mark the minimum and
maximum values of the relative error), by Theorem 1, and
also by Corollaries 1a and 1b of this theorem. For
example, ifx > 1.000 in Figure 4, but is much closer to
1.000 than to 1.001, then if we approximatey a=1.001,

the relative error is close to the largest possible (when
staying within 1ulp of the approximation), i.e., close ¢o
=1/8 (1/8 = 2"  for N = 4).

relative error
LT N+ 1)

1AEHN-

7
M TR
¥ L h Y x
"‘-‘F:I___ Y {" LY -.'_\1 -»\‘ l"\.\ - = il
v H A Y , 5, *, Y Tr-M-1
ULl S ' ' L. ' L0t
Y A \ ", N
| ! 5 \\‘ "\ L4 P
SRS B IR §LTTIC DETTE NS POLE TS NI T 6 ST TS B 10410 10000
Y v Y R X\\ "
', S | S E

1

FEER L

SINEMN L)1)

-LHE AN

3w}
I -] T

Figure 1: Relative error when approximating within
1 ulp, positive real numbers by floating-point numbers
in Fa

The IEEE-754 standard requires that the result of a divideTheorem 1 (ulp-s versus relati\ée errobet xR be_la
or square root operation be calculated as if in infinite f€al number, gTdm:N' a =082 o] = 1, s = 1+k/2*,
precision, and then rounded to one of the two nearestk0Z, 0<k<2""-1, 1Z and niIR, 0 < m< 1. Then
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IEEE Correctness Proofsfor Iterative Floating-
(a) For kz0: a= ol(1+k/2"")2° Ox within mulp of x « Point Square Root Algorithms
a=x[(1+e), €0 (-m/(2V +k+m), m/(2V+k—m))

. o We will first present the means to determine difficult
(b) For k=0: a =02 x within mulp of x - cases for rounding in floating-point square root
a = X(1+¢), e0(-m/(2"+m), m/(2'-m)) operations, and then we will show how to use this
knowledge in proving the IEEE correctness of the result of
(For the sake of brevity, no proofs are included in this jterative algorithms implementing the floating-point
paper.) square root operation.

Several corollaries can be derived from this property, but

) Iterative Algorithmsfor Floating-Point Square Root
the following two are often useful. 9 g =

Corollary la. Let XJR*, and alFy*. If a O x, within Among the most common iterative algorithms for
1 ulp of x, then a = KiL+¢), with | < Nt calculating the value of the square root of a floating-point

_ number are those based on the Newton-Raphson method.
Corollary 1b. Let x1JR*, and alFy*. If a = x([(1+¢), with Such algorithms are suggested in [3]. Starting with an

lel < /2", then alx, within 1ulp of x. initial guess of Ma, a very good approximation ofvH is
Some properties used in IEEE correctness proofs arederived first in a number of iterations. From this, the value
formulated in terms of errors expressedilips. However, ~ Of Ya can be calculated. For example, an algorithm that

it is easier to evaluate the errors introduced by eachstarts by determining the value of the root of
computational step in an iterative algorithm as relative f (x) = 1k°-a, could have the following iteration:

errors. The two properties above, together with other

similar ones, are used in going back and forth from one & = (1/2 - 1/28y")m

form to the other, as needed. Yier = (% + 68 )

In order to show that the final result generated by a
floating-point algorithm represents the correctly rounded
value of the infinitely precise resutf, one has to show

that the exact result and the final result of the algorithm

516: gLe hr?gzc:gi% yihge evxghbn thjigeir;rr:rgilrgglinth-atc’)intNO matter what iterative algorithm is being used, one can
9 9. they P gp easily evaluate the relative errors introduced in each

number. Flgurg 2 llustrates these; mFervaIs over a blnadecomputational step. We will show that if the relative error
(an interval delimited by consecutive integer powers of the

base 2) when (a) only rounding to nearest, and (b) anythat we can derive is small enough, then the IEEE
IEEE rounding mode is acceptable. In this figure, the correctness of the generated result is proven. In practice

floatina-point numbers are marked on the bottom real though, the relative error of the final result is more often
axis 9P than not larger than required. We can compensate for the

difference between what we can determine in terms of
First we will discuss the square root, and then we will relative error and what is needed, by knowing the values

where ¢ is the error term, ;y» is the next better
approximation, and the subscript denotes the IEEE
rounding to nearest mode.

examine the divide and remainder operations. of input arguments that lead to the most difficult cases for
rounding. The following subsections will show how to
P’ S S S S S I X achieve this.
(b)
Difficult Casesfor Rounding
=% ph X
(@) The lemma shown below allows difficult cases for
5P Pl rounding to be determined. For rounding to nearest, these
pN | _p-N+1 p-N+2 are represented by values of the argunaeat the square
28 12 2 root function such thata is different from, but very close
| U ] e L to, a midpoint between two consecutive floating-point
numbers. For rounding toward negative infinity, positive
Figure2: Intervals that condition (a)= Vi, and infinity, or zero,va has to be different from, but very
(b) Xrnd = Yrnd
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close to, a floating-point number. We will show next how
to determine the most difficult cases in each category.

Lemma 1. (a) Let alFy, a> 0, a= o[S2°% Then its value
can be written as

a=A 2°M*2 for e=2m, udZ, or
a=A 2*MN* for e=2m+1, uDZ

where AC[22V2, 22 A = 0 (mod 2VY) for e=2m, u0Z,
and AO[22V, 22, A =0 (mod 2") for e=2+1, uZ.

(b) valFy if and only if VAO[2Y?, 2YY2)nZ for e=2M,
udz, and ValFy if and only if VAO[2Y"2 2V)nZ for
e=2[U+1, udZ (note that VA has to be an integer in both
cases).

(c) va is a midpoint between two consecutive floating-
point numbersin Fy if and only if VA is an integer + 1/2,
vAO[RME, 2M.

(d) Let adFy. If ValFy, then valFy.; (thisis to say that
va cannot be a midpoint between two consecutive
floating-point numbersin Fy; the observation is necessary,
as Fn O Fyq).

The properties above will help us determine the difficult
cases for rounding. Consider first the cases of rounding
toward negative infinity, positive infinity, or zero. If
valFy (it is not representable as a floating-point number
with N bits in the significand), then how close can it be to
a floating-point number fJFy? Because the values of VA
fall in [2V7, 2V), where floating-point numbers with N-bit
significands are integers and 1 ulp = 1, this can be re-
formulated as “how close caf be to an N-bit integer
numberF?” The answer is given in Figure 3.

f(a)=\'A

N pommm e ,
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Figure 3: The distancel of A to the square of an
integerFO[2M?, 2Y)

This figure shows that our question is directly related to
“how close can A be to the square of an N-bit number in
2V, 2%?” To find out, we have to solve the equation

VT +KkP=A+5

for increasing values d¥Z*, and for 0< k < 2¥'-1,
kOz. This leads to two cases, depending on whether the
exponene of a is even or odd.

If e is even, according to Lemma 1, the equation above
becomes

(2N-1 + k)2 - 22N—2 +m IIN-l + 6
for0<s m< 2V1-1, ni1Z.

If e is odd, according also to Lemma 1, the equation
becomes

@+ k=2 e m + 8
for0<s m< 2V1-1, ni1Z.

Solving the diophantine equations above (equations in
integer numbers) fod = 1,-1,2,-2,3,-3,... we find at most
two acceptable solutions for each valu&.ofor example,
for e even and & = 1, the only solution is

A = 2%V which is at a distance
d=5=1 of (2"+1) the square of F ="Z+1. The
value ofa that corresponds to thfs (a obtained as shown

in Lemma 1), has a significand of 1.00...91@&nd it
constitutes a difficult case for rounding toward negative
infinity, positive infinity, or zero, asga is different from,
but very close to, a floating-point number kg (it is in
fact the “most difficult” such case). For example, for N =
24 ande =0

¥1.00000000000000000000G:18
1.00000000000000000000000111114...

is very close to, but less than,
1.00000000000000000000Q01

Consider next the case of rounding to nearestalfiFy

(it is not representable as a floating-point number with N
bits in the significand), then how close can it be to a
midpoint between two consecutive floating-point numbers
in Fy? This can be re-formulated as “how close ¢Arbe

to an N-bit integer number plus 1/2?” The answer is given
in Figure 4. This figure shows that our question is directly
related to “how close cah be to the square of a midpoint
between two consecutive N-bit integer numbers in
Fan[2V 2%?” To find out, we have to solve the
equation

"+ k+12F = A+ 1/4 +8
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f(A)=\VA
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Figure 4: The distance d' of A to the square of M,
M = integer +1/20[2V%, 2M)

for increasing values (in absolute value) of d[1Z, and for
0 < k < 2%-1, KJZ. This leads again to two cases,
depending on whether the exponemf a is even or odd.

If e is even, according to Lemma 1, the equation above
becomes

@Vt +k+12f =22+ mNt + 1/4 +3
for 0< m< 2V'-1, ni1Z.

If e is odd, according also to Lemma 1, the equation
becomes

VT +k+1/2f =2+ m2Y + 1/4 +5
for 0< m< 2V'-1, ni1Z.

Solving the diophantine equations abovedor 0,1,-1,2,
-2,3,-3, ... we find again at most two acceptable solutions
for each value od. For example, foe even and = 0, the
only solution is A = 3"2+2"% which is at a distance

d >+1/4 1/4 of (2*+1/2¢, the square of

M = 2%1+1/2. The value ok that corresponds to this (a
obtained as shown in Lemma 1), has a significand of
1.00...00%, and it constitutes a difficult case for rounding
to nearest, asa is different from, but very close to, a
midpoint between two consecutive floating-point numbers
in Fy (it is in fact the “most difficult” such case). For
example, for N =24 ane =0

¥1.00000000000000000000004
1.000000000000000000000000111114....

is very close to, but less than,
1.00000000000000000000Q96 1/2ulp.

Not all solutions to the equations above can be
represented by simple formulas. For example efeven
andd = -2, we obtain

A = 7e08a50000Q0and a = 1.f822942°if N = 24
(Va very close to 1.673f4@%%+1/2 ulp)

A = 1d407bb3641da50000000000QGMd
a=1.d407bb3641daR ®if N = 53 (/a very
close to 1.5a24e31b39§8%*+1/2 ulp)

A = 4d7f90be2ec18ed9800000000000Q080d
a = 1.35fe42f8bb063beE&° if N = 64 (a very
close to 1.19b4bb639c98cQbaR®? + 1/2ulp)

This method of determining values of the argunaetitat
lead to values of/a that are difficult to round is also
useful in generating good quality test vectors for any
implementation of the floating-point square root
operation, not just for iterative algorithms (these values
can be added to others chosen by different criteria). In
addition, this method can help in proving the IEEE
correctness of the result of iterative algorithms that
calculate the square root of a floating-point nhumber, as
shown below.

General Properties

Two main properties, Theorems 2 and 3, are used in the
proposed method of proving the IEEE correctness of the
result of iterative floating-point square root algorithms.

Theorem 2. Let dJFy, a0, a =o82°% If valFy, and A
is determined by scaling a as specified in Lemma 1, then
for any integer B[2"?, 2Y), and for anyfIFy

(a) The distance w between/A and F satisfies
W= |VA-F|>1/2"

(b) The distance wbetween/a and f satisfies
W= [Va-f|> 2%, if e = 20, and
W= |Va-f[> 222 ife = 20+1, uD Z

This theorem states that ¥ is not representable as a
floating-point number with an N-bit significand, then there
are exclusion zones of known minimal width around any
floating-point number, within whicia cannot exist. The
minimum distance betweeda and f, or equivalently,
between/A andF, was determined by examining instead
the distance betweehandF? as shown in Figure 3. The
minimal width of the exclusion zones can be extended by
gradually eliminating the difficult cases for rounding
toward negative infinity, positive infinity, or zero (starting
with the most difficult cases). For example, if we solve the
diophantine equations that determine these cases (as
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shown above) just for & = 1,-1,2,-2,3, and -3, two
solutions are found for any N, and statements (a) and (b)
in Theorem 2 are modified to reflect exclusion zones that
are four times wider (in (b), the two inequalities were
replaced by the more restrictive one)

(@) The distance w,, between VA and F satisfies
W = |[VA - F|>1/2% except for
A, =224 22M jf e= 2m, ud Z, and
A, =220 if e= 2m+1, uDZ

(b) The distance w,, between va and f satisfies
W,o= | Va- f|>2822N*32 excent for
a, = (1+2V*?) [2° if e=2m, udzZ, and
3= (2-2™?) 2° if e=2m0+1, udZ

This property is used in conjunction with the one from
Theorem 3.

Theorem 3. Let allFy, a> 0, a= o382° If valOFy, and A
is determined by scaling a as specified in Lemma 1, then
for any midpoint m between two consecutive humbers in
Fn, and for any midpoint M between two consecutive
integersin [2V1, 2Y), M = k+1/2002V, 2M), kOz

(a) The distance w,,’ between VA and M satisfies
W =|VA-M |> 12V

(b) The distance w,,’ between va and m satisfies
W@, = |\/a_- m | > 26/2_2N>2, if e=2M, and
W,o =|Va-m|> 282252 if e = 241, uDZ

This theorem states that if Va is not representable as a
floating-point number with an N-bit significand, then there
are exclusion zones of known minimal width around any
midpoint between two consecutive floating-point
numbers, within which va cannot exist. The minimum
distance between va and m, or equivalently, between VA
and M, could be determined by examining instead the
distance between A and M?, as shown in Figure 4. Just as
in the case of Theorem 2, the minimal width of the
exclusion zones can be extended by gradually eliminating
the difficult cases for rounding toward nearest (starting
with the most difficult cases). For example, if we solve the
diophantine equations that determine these cases (as

(b) The distance y between/a and m satisfies
W, = |[Va - m |p 17287252

except for a set of known valugstiarough &.

Some of the actual values qf and of the corresponding

A" (not shown here) were determined directly from
mathematical expressions, but others were determined by
C programs, using recursion. Note that it is not necessary
to have the same number of solutions for different values
of N.

This property is used, as explained below, in conjunction
with that in the preceding Theorem 2.

|EEE Correctness of Iterative Floating-Point Square
Root Algorithms

In order to prove that an iterative algorithm for calculating
the square root of a floating-point numlzeigenerates a
result that is IEEE correct, we have to show that the result
R* before rounding and the exact value ¥ lead,
through rounding, to the same floating-point number. If
the result R* before rounding and the exéatare closer

to each other than half of the minimum width of any
exclusion zone determined as shown in Theorems 2 and 3,
then (R*},g = (Va)y for any IEEE rounding modend.

This is illustrated in Figure 2 (b) above and in Figure 5.

m f m f m f m
I | % | I I
o)
' *
2Wr va R ZW@1

Figure5: Exclusion zones around floating-point
numbers and around midpoints: between
consecutive floating-point numbers

As in Theorem 2 (a), 172" = 1/2*  ulpin Fy = L ulp in

shown above) just for & = 0,1,-1,2,-2,3,-3, and —4, seven Fan-1, and in Theorem 3 (a), 12 = /2™ upin Fy =
solutions are found for N=24, N=53, and N=64 (but not 1ulpinFay.s the above can be expressed in the following
always from the same equation for all the three values ofcorollaries of these two theorems:

N), and statements (a) and (b) in Theorem 3 are mOd'f'edCorollary 2. If aOFy, a> 0, RJR and |R* ~Va|< 1 ulp

to reflect exclusion zones that are 17 times wider (in (b), .
the two inequalities were replaced by the more restrictive

one):

(a) The distance ' between/A and M satisfies
W' = |[VA-M|>17/2"3

except for a set of known values Ahrough A

in Fons1, then (R*)yg = (Va), for any rounding mode
rnd{rm, rp, rz}

Corollary 3. If alFy, a> 0, R*R and |R* -Va|< 1ulp
in Fonaa, then (R¥), = (Va),

In practice, the inequalities to be verified are
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|R* - ‘/al < (W\/a)min
|R* - ‘/al < (an’)min

The method of proving the IEEE correctness of the result
of an iterative algorithm that calculates the square root of
a floating-point number can then be summarized as a
seguence of steps:

Step 1. Evauate the relative error € of the final result
before rounding

R* = Val(l+¢)

where an upper bound for |g| is known as [g| < 2P, for
some given pOR, p > 0.

Step 2. Evaluate |R* - Va| = Vald| < va2® and determine
the minimum widths (W,g)mn and (W )min for which the
following hold

|R* - ‘/al < (an)min
|R* - ‘/al < (an’)min

Step 3. For Theorems 2 and 3, determine a sufficient
number of difficult cases for rounding, to allow
augmenting the widths of the exclusion zones to the values
determined in Step 2 (the smaller this new minimum
width, the fewer the points we have to determine). Except
possibly for these values, the iterative agorithm for
calculating Va generates a result that is IEEE correct.
Alternatively, instead of steps 1, 2, 3 above, we could use
Theorem 1 to verify that the conditions in Corollaries 2
and 3 are satisfied.

Step 4. Verify directly that the algorithm generates |IEEE
correct results for the specia points determined in Step 3.
Once this is done, the algorithm is proven to generate
| EEE correct results for all the possible input values of the
argument.

The method presented above was applied to severa
software-based iterative algorithms for calculating the
square root of a floating-point number. It proved to be of
good practical value, as the number of special points to be
verified directly was never larger than 20. It therefore
represents a viable option for verifying correctness of this
class of algorithms.

| EEE Correctness Proofsfor Iterative
Floating-Point Divide and Remainder
Algorithms

As we did for square root, we will first present a method
for determining difficult cases for rounding in floating-

point divide operations. We will show, however, that a
perfect parallel with the square root is not possible.

The IEEE correctness of the floating-point remainder
operation (which is aways exact, and therefore not
affected by the rounding mode) is a direct consequence of
the IEEE correctness of the result of the floating-point
divide operation, as

rem(a,b) = a —Idear(a/b)

wherenear(x) is the nearest integer to the real nuner
Two problems arise. First, we must verify thatr(a/b)
fits in an integer ([4] explains this). Second, we must
counter the possibility of a double rounding error because
what we calculate is actually

rem(a,b) = a —bear ((a/b},)

To do this, we just need to compare (g/ahd (a/b), and
apply a correction if needed. Note that this might occur
only in the tie cases for the rounding to nearest performed
in near((a/b}y).

It is thus straightforward to prove the IEEE correctness of
the floating-point remainder operation, once we have
proved it for the floating-point divide. Therefore, from
this point on, we will focus on the floating-point divide
operation.

Iterative Algorithmsfor Floating-Point Divide

Just as for square root, among the most common iterative
algorithms for calculating the value of the quotient of two
floating-point numbers,a/b, are those based on the
Newton-Raphson method. Such algorithms are suggested
also in [3]. Starting with an initial guess ofbl/a very
good approximation of b/is derived first in a number of
iterations. From this, the value af b can be calculated.
For example, an algorithm that starts by determining the
value of the root of fX) = b - 1k, could have the
following iteration:

€= (1 - b[yi)rn

Yier = (% + € Bfi)rn

where ¢ is the error term, and,,y is the next better
approximation.

Regardless of the particular iterative algorithm being used,
one can evaluate the relative errors introduced in each
computational step. We will show that if the relative error
that we can derive is small enough, then the IEEE
correctness of the generated result is easily proven. In
practice though, the relative error of the final result is
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larger than desired. In the case of the divide (unlike for the
square root), we cannot easily compensate for the
difference between what we can determine in terms of
relative error and what is needed. In such cases,
alternative methods have to be used, such as those
presented in [3].

Difficult Casesfor Rounding

For rounding to nearest, the difficult cases are represented
by values of the arguments a and b of the divide operation
such that a/b is different from, but very close to, a
midpoint between two consecutive floating-point
numbers. For rounding toward negative infinity, positive
infinity, or zero, a/b has to be different from, but very
close to, afloating-point number. We will show next how
to determine the most difficult casesin each category.

The following lemma shows how to scale a and b to A
and B respectively in order to make reasoning easier (a
and b are assumed to be positive here).

Lemma 2. Let NOZ, N = 3, ab0F\*, and rnd any |EEE
rounding mode. Then

(a) alb can be expressed as a/b = A/B2F, where ADZ N Fy,
A =0 (mod 2%, BO[ 2¥%2Y)nZ and (A/B),na[2%,2Y)

nZ. Let A = 2@\, such  that
A0 2Y)nz. If A<B then k = N, and if A>B,
then k = N-1.

(b) a/HIFy if and only if A/BO[2M,2Y)n Z.

(c) a/b is a midpoint between two consecutive floating-
point numbers inFy if and only if A/B is an
integer + 1/2 in [2%2Y).

(d) If a/b0Fy, then a/blFy., (this is to say that a/b cannot
be a midpoint between two consecutive floating-point
numbers irFy; the observation is necessaryFagiFy+1).

Note that above, #B = /s, (ratio of the significands).

We can now determine the most difficult cases for
rounding.

AIB = q +3/B

for increasing values od0Z*, and for qi[2"%2Y)nZ.
This leads to two cases, depending on whether A;<B, or
A;>B (see Lemma 2 (@) above).

If A;<B, according to Lemma 2, the equation above
becomes

VA, =B+

If A;>B, according also to Lemma 2, the equation
becomes

2MA, =BG+
In both cases, qO[2", 2Y)n Z.

We can solve the diophantine equations above for
0=1  -1,2,-2,3,-3, ... and B fixed. The method we
applied was to use Euclid’s algorithm to determine the
greatest common divisor of 2nd B, gcd (8 B) (where
k=N or k=N-1), and to express it as a linear combination
of B and 2. This yields a base solution, from which all the
admissible solutions can be derived (see [5] for using
Euclid’s algorithm to determine above solutions). The
most difficult cases are obtained f&+1 andd=-1. The
number of solutions is very large (unlike for the square
root), which makes it impractical to verify them all for a
given divide algorithm. For example, for N=24;<8,
and 0=1, the number of solutions is 1289234. One
example is

0.a249d25 / 0.ff7e75,= .a49e2300000100018Hh;..
which is very close to, but greater than, .a49e23

Consider next the case of rounding to nearest. Iflafy

(it is not representable as a floating-point number with N
bits in the significand), then how close can it be to a
midpoint between two consecutive floating-point numbers
in Fy? This can be re-formulated as “how close can A/B
be to an N-bit integer number plus 1/2?” To find out, we
have to solve the equation

AB = q + 1/2 +5/B

for increasing values (in absolute valuepp?231Z*, and
for qd2"*2")\nZ. We can solve the diophantine
equations above for & = 1/2,-1/2,1,-1,3/2,-3/2, ... and B

Consider first the cases of rounding toward negative fixed. The method applied was similar to that described

infinity, positive infinity, or zero. Ifa/bOFy (it is not

for the other three rounding modes. The most difficult

representable as a floating-point number with N bits in the cases for rounding are obtained o= 1/2 andd = -1/2,

significand), then how close cax/b be to a floating-
point number fIFy? Because the values of A/B fall if'[2
1Y), where floating-point numbers with  N-bit
significands are integers, andulp = 1, this can be re-
formulated as “how close cak/B be to an N-bit integer
numberF?” To answer this, we have to solve the equation

when B is odd. The number of solutions is again very
large. For example, for N = 24,,4B, andd = -1/2, the
number of solutions is 1285649. One example is

0.c8227h, / 0.e7331y4 = .dd9a53fffff 724506a.
which is very close to, but less than, .dd9a%3/2ulp.
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(a) The distance wyg’ between A/B and M satisfies
Wag' = |A/B-M |> 172V

(b) The distance w,, between a/b and m satisfies
Wap =|alb-m|>22-222N it g <5 and

For N=24, A; < B, and 6=1/2, the number of solutions is
1287219. An exampleis

0.ac1228, / 0.b461d1, = .f43467800000b5a8,,.

which is very close to, but greater than, .f4346l72 ulp.

y e a—-e b-2N ;
The method of determining values of the argumardaad Wapy = |alb-m|>2 1T%>5

b that generate values af b that are difficult to round is  This theorem states that if a/b is not representable as a
also useful in generating good quality test vectors for anyfloating-point number with an N-bit significand, then there
implementation of the floating-point divide operation (not are exclusion zones of known minimal width around any
just for iterative algorithms), that can be added to othersmidpoint between two consecutive floating-point
chosen by different criteria. In addition, this method can numbers, within which a/b cannot exist. Just as in the
help in proving IEEE correctness of certain iterative case of Theorem 4, the minima width of the exclusion

algorithms for calculating the result of the floating-point zones cannot be easily extended.

divide operation, as shown below.

General Properties

Two main properties, Theorems 4 and 5, are used in th
proposed method of proving the IEEE correctness of th
floating-point  divide

result generated by iterative

This property is used, as explained below, in conjunction
with that in the preceding Theorem 4.

|EEE Correctness of |terative Floating-Point

eDivideAIgorithms

algorithms. They are expressed in terms of the scaledln order to prove that the result of an iterative algorithm

valuesA andB of the argumenta andb, as explained by

Lemma 2 above.

Theorem 4. Let alilFy, a9, &2%*, b=0,&2*". If

for calculating the quotient a/b is |EEE correct, we have
to show that the result R* before rounding and the exact
value of a/b lead, through rounding, to the same floating-
point number. If the result R* before rounding and the

a/lFy, and A and B are determined by scaling a and b exact a/b are closer to each other than half of the

respectively as specified in Lemma 2, then for dnyyf
and for any integer 2,2

(a) The distance yg between A/B and F satisfies
Wag = |AB-F|>1/2

(b) The distance yy between a/b and f satisfies
Wap = | a/b - f p 22-22-"2Njf 5 < 5, and

Wop= | alb -f I > 2e7a—e7b—2N+,lif S, > S

This theorem states that if a/b is not representable as a
floating-point number with an N-bit significand, then there
are exclusion zones of known minimal width around any
floating-point number, within which a/b cannot exist.
The minimal width of the exclusion zones cannot be easily
extended in this case. If we try to gradually eliminate the
difficult cases for rounding toward negative infinity,
positive infinity, or zero (starting with the most difficult
cases), we find too many cases to make it practica to
verify directly.

Theorem 5. Let abOFy, a=0/82°-*, b=0,,2°" If
albdFy, and A and B are determined by scaling a and b
respectively as specified in Lemma 2, then for any
mOFy.-Fy  (midpoint between two consecutive floating-
point numbers in Fy), and for any M, integer+1/200
[2N-1’2N)

minimum width of any exclusion zone determined as
shown in Theorems 4 and 5, then (R*),nq = (a@/b),nq for
any IEEE rounding mode rnd. Figure 5 above, which
illustrates this idea for the square root, is applicable in this
case too.

Asin Theorem 4 (a), /2" = /2" ulpin Fy = 1 ulp in Fay,
and in Theorem 5 (a), /2" = /2% ulpin Fy =1 ulpin
Fon+1, the above can be expressed in the following
corollaries of these two theorems:

Coroallary 4. If a,b0Fy, R*OR and [R*-a/b|< 1 ulp in Fyy,
then (R*);ng = (&/b)ing for any rounding mode rnd O {rm,
rp, rz}
Corollary 5. If abFy, R*OR and [R*-a/b] < 1 ulp in
Fons1, then (R*) = (8/b);m
In practice, the inequalities to be verified are

|R* - a/bl < (Walb)min

IR* - alb| < (Wasb)min

The method of proving the IEEE correctness of the result
of an iterative algorithm that calculates the quotient of two
floating-point numbers can then be summarized as a
sequence of steps:
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Step 1. Evauate the relative error € of the final result
before rounding:

R* = albl{1+€)

where an upper bound for Jg| is known as [g| < 2°°, for some
given pUR, p> 0.

Step 2. Evaluate |R* - alb| = |(a/b)E| < [ab|2P. If the
following hold

la/b| (2 < (Wai)min
la/b| (2 < (Wab)in

then the algorithm generates |EEE-correct results for any
input valuesa and b.

The method presented above was applied to software-
based iterative algorithms for calculating the quotient of
two floating-point numbers, when sufficient extra
precision existed for the intermediate computational steps
to alow the conditions above to be satisfied. Whenever
this is not possible, alternative methods, such as the one
presented in [3], have to be used.

It is worth mentioning that Corollaries 4 and 5 above were
also obtained independently, starting from the following
Lemma:

Lemma 3. Let abOFy, b#£0. Then

() Either a/bFy (the exact a/b is representable with N
bitsin the significand), or a/b is periodic.

(b) If ablry (it is periodic), then its infinite
representation in binary cannot contain more than N-1
consecutive zeroes past the first binary one, and it cannot
contain more than N-1 consecutive ones.

The Effect of the Limited Exponent Range

A note should be made here regarding the effect of the
limited exponent range in iterative algorithms. If we
analyze the algorithm by assuming valid inputs in a given
floating-point format, and a certain precision (significand
size) is ensured for all the computational steps, we may
draw the conclusion (possibly using methods such as those
presented above) that the final result is IEEE correct. It is
possible though for an intermediate computational step to
overflow, underflow (due to the limited exponent range),
or to lose precision (due to the limited exponent range and
to the limited significand size). Such cases have to be
identified by carefully examining every computation step
and, if they exist, the input operands that can lead to them
have to be singled out. For such operands, alternate
software algorithms are expected to be used in order to
generate the IEEE-correct results, most likely by

appropriate scaling of the input values and corresponding
scaling back of the resullts.

Results

There are two main results of the work described in this
paper.

First, a new method of proving IEEE correctness of the
result of iterative algorithms that calculate the square root
of a floating-point number was devised. This included
establishing theoretical properties that also allowed
determination of difficult cases for any of the four IEEE
rounding modes, and for any desired precision. The
method proposed for proving the IEEE correctness was
successfully used for several algorithms that calculate the
sguare root of single precision, double precision, and
double-extended precision floating-point numbers.

Second, a parallel was drawn for iterative algorithms that
calculate the quotient of two floating-point numbers.
Again, the theoretica study allowed determination of
difficult cases for rounding for any precision (single,
double, or double-extended). The method proposed for
proving the IEEE correctness of the result was
successfully used this time only for agorithms that
calculate the quotient of two single precision floating-
point numbers. The reason for this limitation was clearly
identified.

Overall, the study helped to demonstrate that efficient,
IEEE-correct, software-based agorithms can compete
with hardware-based implementations for floating-point
square root and divide.

Discussion

The methods proposed are general and can be applied to
any iterative algorithm that implements the floating-point
square root or divide operation. Their usefulness was
verified for software-based algorithms.

The method proposed for proving the IEEE correctness of
the result for the floating-point sguare root operation
should work for any iterative algorithm. Based on this
method, it is possible to completely automate the
verification process, and to build an IEEE correctness
checker that would take as input the algorithm to be
verified, together with the precision and rounding mode
for every step. The method proposed for proving the IEEE
correctness of the result for the floating-point divide
operation will only work if there is sufficient extra
precision in the intermediate calculations with respect to
the precision of the final result. This will hold mostly for
single-precision computations, but might also be true for
higher precisions, depending on the particular
implementation.
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Methods to generate cases of difficult operands for
rounding were also described, which are independent of
any particular algorithm. They can be used to generate test
vectors for any desired precision.

Conclusion

The two goals stated in the beginning of this paper were
reached: a methodology for proving the IEEE correctness
of the results for iterative algorithms that implement the
square root, divide, and remainder operations was
established, and operands that lead to results that
congtitute difficult cases for rounding were identified.
This work is important to Intel Corporation because it
proves the existence and viability of aternatives to the
hardware implementations of these operations.

Notation

Some of the mathematical notations used in this paper are
given here for reference:

N the set of natural numbers

z the set of integer numbers

Q the set of rational numbers

R the set of real numbers

Fn the set of floating-point numbers with N-bit

significands and unlimited exponent range
Fun the set of floating-point numbers with M-bit
exponents and N-bit significands

aldS a isamember of theset S

SnT the intersection of setsSand T

sOT the union of setsSand T

saT the set Sisasubset of set T

ST the difference of setsSand T

[1,h] the set of real valuesx,1<x<h

(1,h) the set of real valuesx, 1 <x<h

x Oy the real number x is approximately
equal to the real number y

peq statement p is equivalent to statement q

m=n(modp) | integers m and n yield the same
remainder when divided by the positive
integer p

In al the cases of sets, an asterisk (*) indicates the
absence of thevalue 0, e.g., R* =R\ {0}.
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